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CONSTRUCTIBLE REPRESENTATIONS AND BASIC SETS IN TYPE B
NICOLAS JACON
Abstrat. We study the parametrizations of simple modules provided by the theory
of basi sets for all nite Weyl groups. In the ase of type Bn, we show the existene of
basi sets for the matries of onstrutible representations. Then we study bijetions
between the various basi sets and show that they are ontrolled by the matries of
the onstrutible representations.
1. Introdution
One of the main problems in the modular representation theory of Heke algebras of
nite Weyl groups is to nd good" parametrizations of the set of simple modules. There
is a natural way to solve that problem by studying the assoiated deomposition matries.
In fat, in harateristi zero, using these matries, it is possible to prove the existene
of ertain indexing sets alled basi sets" whih are in natural bijetion with the set of
simple modules for the Heke algebra. One we have the existene of these sets, it is
another problem to have an expliit haraterization of them. This has been ahieved
in type An−1 by Dipper and James [7℄, in type Bn ombining works by M. Chlouveraki,
M.Gek, and the author [6℄, [18℄, in type Dn by M. Gek [13℄ and the author [25℄ and for
the exeptional types by Gek, Müller and Lux, [11℄, [20℄, [34℄, [35℄. Importantly, these
results remain valid in positive harateristi under the assumptions of ertain Lusztig
onjetures. We refer to [15℄ for a survey of these results.
In the ase of type Bn, the theory of basi sets provides several natural ways to label
the same set of simple modules. In this paper, we are mainly interested on the onnetions
between these various basi sets. First, we show the existene of analogues of basi sets for
other types of representation introdued by Lusztig: the onstrutible representations (see
[33℄). In fat, given the matrix of the onstrutible haraters for a hoie of parameters
(this inludes the ase where these parameters are negative), we show the existene of
two dierent assoiated basi sets. As a onsequene, we obtain two natural ways to
parametrize the onstrutible haraters, extending the work of Lusztig [31℄, [32℄, [33℄.
In addition, we desribe the bijetion between these two basi sets. All these results use
as a ruial tool the works of Lusztig, Leler and Miyahi [30℄ and the ombinatoris
developed therein.
The last part of the paper is devoted to the study of the various bijetions between the
basi sets in type Bn. It turns out that the bipartitions labelling these sets are diult
to desribe in general (we only have in priniple a reursive desription of them). Then,
in the same spirit as in [29℄, we show the existene of an ation of the ane extended
symmetri group Ŝ2 on these basi sets. We observe the two following remarkable fats:
• there is an easy desription of the basi sets lying in a fundamental domain
assoiated with the above ation,
• the ation of Ŝ2 on the set of basi sets an be expliitly desribed ombining our
previous results with results obtained in [29℄.
It is then possible to desribe the basi sets as orbits of the elements of the fundamental
domain under this ation. Finally, we remark that this ation is in some sense ontrolled
1
2 NICOLAS JACON
by the matries of onstrutible representations. In partiular the bijetions between the
various basi sets an be essentially read through these matries. We end the paper with
an explanation of this phenomenon.
2. Deomposition matries for Heke algebras
Let (W,S) be a nite Weyl group. We assume that we have a deomposition S =
S+ ⊔ S− where no elements of S+ is onjugate to an element of S−. Let φ : S → Z be
suh that
φ(s) = φ(s′) if (s, s′) ∈ S2+ and φ(s) = φ(s
′) if (s, s′) ∈ S2− (⋆)
Let q be an indeterminate and hoose q1/2 a root of q. We then have an assoiated Iwahori-
Heke algebra H(W,S, φ) over A = Z[q1/2, q−1/2]. The basis is given by {Tw}w∈W and
the multipliation is determined by the following rules:{
TwTw′ = Tww′ if l(ww
′) = l(w) + l(w′)
(Ts − qφ(s))(Ts + 1) = 0
In this setion, we study the representation theory of these algebras in both the semisimple
and the modular ase and give extensions of some denitions and properties whih were
previously only known when φ(S) ⊂ N
2.1. Deomposition matries. Let K be the eld of frations of A. Then by [21,
9.3.5℄, the algebra HK(W,S, φ) := K ⊗A H(W,S, φ) is split semisimple and by Tits'
deformation theorem, we have a anonial bijetion between Irr(HK(W,S, φ)) and Irr(W ).
Let Λ is an indexing set for Irr(W ):
Irr(W ) =
{
Eλ | λ ∈ Λ
}
.
We then have:
Irr(HK(W,S, φ)) =
{
V λφ | λ ∈ Λ
}
Let k be a eld and ξ ∈ k× be an element whih has a square root in k×. Then there
is a ring homomorphism θ : A→ k suh that θ(q) = ξ. Considering k as an A-module via
θ, we set Hk(W,S, φ) := k ⊗A HA(W,S, φ). As noted above, we have a anonial way to
parametrize the simple modules for HK(W,S, φ). It is also desirable to obtain a good"
parametrization of the simple Hk(W,S, φ)-modules. As Hk(W,S, φ) is not semisimple in
general, Tits' deformation theorem annot be applied. However, following [15, 4.10℄, one
an use the assoiated deomposition matrix to solve that problem. Let λ ∈ Λ and let
ρλ : HK(W,S, φ) → Md(K)
Tw 7→ (aij(Tw))1≤i,j≤d
be a matrix representation aording the module V λφ ∈ Irr(HK(W,S, φ)) of dimension d.
The ideal p = ker(θ) is a prime ideal in A and the loalization Ap is a regular loal ring
of Krull dimension ≤ 2. Hene, by DuParshallSott [9, 1.1.1℄, we an assume that ρλ
satises the ondition
ρλ(Tw) ∈Md(Ap) for all w ∈ W.
Now, θ extends to a ring homomorphism θp : Ap → k. Applying θp, we obtain a repre-
sentation
ρλk,ξ : Hk(W,S, φ) → Md(k),
Tw 7→ (θp(aij(Tw)))1≤i,j≤d.
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This representation may no longer be irreduible. For any M ∈ Irr(Hk(W,S, φ)), let
[V λφ : M ] be the multipliity of M as a omposition fator of the Hk(W,S, φ)-module
aording ρλk,ξ. This is well dened by [9, 1.1.2℄. Thus, we obtain a well-dened matrix
Dφθ =
(
[V λφ : M ]
)
λ∈Λ,M∈Irr(Hk(W,S,φ))
whih is alled the deomposition matrix assoiated with θ. Let R(HK(W,S, φ)) (resp.
R(Hk(W,S, φ))) be the Grothendiek group of nitely generated HK(W,S, φ)-modules
(resp. Hk(W,S, φ)-modules). It is generated by the lasses [U ] of the simple HK(W,S, φ)-
modules (resp. Hk(W,S, φ)-modules) U . Then we obtained a well dened deomposition
map:
dφθ : R(HK(W,S, φ))→ R(Hk(W,S, φ))
suh that for all λ ∈ Λ we have:
dφθ ([V
λ
φ ]) =
∑
M∈Irr(Hk(W,S,φ))
[V λφ : M ][M ]
The notion of basi sets of simple modules for Heke algebras has rst been onsidered
by Gek in [12℄. The denition depends on the deomposition matrix and has been
originally given in the ase where φ is onstant and positive and then in the ase where φ
is positive in [15℄. Using the above disussion, we will be able to generalize these notions
to all possible φ.
2.2. Basi sets. In this setion, we adopt the following notations. Let φ : S → Z be a
map satisfying
φ(s) = φ(s′) if (s, s′) ∈ S2+ and φ(s) = φ(s
′) if (s, s′) ∈ S2− (⋆).
We denote by |φ| : S → Z the map suh that |φ|(s) = |φ(s)| for all s ∈ S. Note that this
map satisfy (⋆). Set:
S− := {s ∈ S | φ(s) < 0} .
Let ε : W → Q× be the one dimensional representation of W suh that ε(s) = 1 if s ∈ S+
and ε(s) = −1 if s ∈ S−. For λ ∈ Λ, the module (Eλ)ε remains simple and we dene
λε ∈ Λ suh that Eλ
ε
≃ (Eλ)ε.
We turn to the denition of basi sets assoiated with a speialization of the Heke
algebra.
Denition 2.1. We say that H(W,S, φ) admits a basi set B(φ) ⊂ Λ with respet to
θ : A→ k and to a map αφ : Λ→ Q if and only if:
(1) For all M ∈ Irr(Hk(W,S, φ)) there exists λM ∈ B(φ) suh that
[V λMφ ,M ] = 1 and α
φ(µ) > αφ(λM ) if [V
µ
φ ,M ] 6= 0
(2) The map
Irr(Hk(W,S, φ)) → B(φ)
M 7→ λM
is a bijetion
Assume that H(W,S, φ) admits a basi set B(φ) ⊂ Λ with respet to θ and to a map
αφ : Λ→ Q. This implies that the assoiated deomposition matrix has a lower triangular
shape with one along the diagonal for a good" order on Λ indued by the map αφ. Hene,
it gives a way to label Irr(Hk(W,S, φ)).
It is now natural to ask if these basi sets always exist. The question has been on-
sidered in [23℄, [12℄, [15℄ (see [19℄ for a omplete survey on this theory) and in [6℄ (where
the question of existene of basi sets in harateristi 0 and for any weight funtion is
omplete),
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The rst step is to dene the anonial map aφ : Λ→ N whih will play the role of αφ.
This an be done using the symmetri algebra struture of H(W,S, φ) We dene a linear
map τ : H(W,S, φ)→ A by
τ(T1) = 1 and τ(Tw) = 0 for w 6= 1.
Then one an show that τ is a trae funtion and we have
τ(TwTw′) =
{
π(w) if w′ = w−1,
0 otherwise.
This implies that H(W,S, φ) is a symmetri algebra (see [21, Ch. 7℄ for a study of the
representation theory of this type of algebras). The above trae form extends to a trae
form τK : HK(W,S, φ) → K. Now sine HK(W,S, φ) is split semisimple, we have
τK(Tw) =
∑
λ∈Λ
1
cλ
trae(Tw, V
λ
φ ), for all w ∈W,
where cλ ∈ A is alled the Shur element assoiated to λ ∈ Λ. For all λ ∈ Λ, we now
have
cλ = fλq
−aφ
λ + ombination of higher powers of q,
where fλ and a
φ
λ are both integers suh that fλ > 0 and a
φ
λ ≥ 0 (see [21, Ch. 20℄ for
details.) The map
aφ : Λ → N
λ 7→ aφλ
is alled the Lusztig a-funtion.
In the next theorem, we need the following denition: we say that k is good with
respet to H(W,S, φ) if fλ1k 6= 0 for all λ ∈ Λ. The proof of the existene of basi set for
Heke algebras (in hararetisti 0) with respet to the a-funtion has been given Gek
and Gek-Rouquier (see [15℄) whenΦ is positive. The following proposition obtained in
[6, Prop 2.5℄ allows the extension of the result for arbitrary Φ. This result will also be
ruial in the rest of the paper.
Proposition 2.2. For all λ ∈ Λ, we have:
aφ(V λφ ) = a
|φ|(V λ
ε
|φ| )
The theorem of existene beomes then the following:
Theorem 2.3. We keep the above notations. Assume in addition that Lusztig's onje-
tures P1-P15 in [33, 14.2℄ hold and that k is good with respet to H(W,S, φ). Then
H(W,S, φ) admits a basi set B(φ) ⊂ Λ with respet to any speialization and to the map
aφ, the Lusztig a-funtion. This basi set is alled the anonial basi set and it only
depends on e and φ.
Remark 2.4. Lusztig's onjetures are known to hold in the following ases:
(1) For all nite Weyl group, in the so alled equal parameter ase", that is when
there exists a ∈ N suh that φ(s) = a for all s ∈ S by Lusztig (see [33, Ch. 15℄.)
(2) In type Bn, in the so alled asymptoti ase" by the works of Bonnafé-Ianu [4℄,
Bonnafé [2℄, Gek [16℄ and Gek-Ianu [17℄.
In fat, the results in [6℄ show that the anonial basi set B(φ) ⊂ Λ an be dedued
from B(|φ|). We illustrate this fat in type Bn whih is our main entre of interest in this
paper. Hene, let W be a Weyl group of type Bn.
Bn ✐ ✐ ✐ · · · ✐
t s1 s2 sn−1
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In this ase, Λ an be dened to be the set Π2n of bipartitions of rank n. In the following,
it will be useful to introdue a more generi" Heke algebra than the one dened in the
introdution of this setion.
Let V and v be indeterminates and onsider the generi Heke algebra H({V, v}) of
type Bn over Z[V
±1/2, v±1/2] with presentation as follows:
(T0 − V )(T0 + 1) = 0
(Ti − v)(Ti + 1) = 0 if i = 1, ..., n− 1
Let K be the eld of frations of A. We set
Irr(HK({V, v})) = {V
λ | λ ∈ Π2n}.
and Λ = Π2n.
We assume that we have a speialization θ : Z[V ±1/2, v±1/2] → k where k is a eld.
By results of Dipper and James [8, Th. 4.17℄, one an restrit ourselves to the following
ase. We assume that θ(V ) = −qda and θ(v) = qa for (a, b) ∈ N2 and for q ∈ k×. The
resulting algebra Hk({qa,−qad}) has a presentation as follows:
(T0 + q
da)(T0 + 1) = 0
(Ti − qa)(Ti + 1) = 0 if i = 1, ..., n− 1.
It is in general a non semisimple algebra and as in 2.1, we have an assoiated deompo-
sition matrix.
D = ([V λ : M ])λ∈Π2n,M∈Irr(Hk({qa,−qad}))
By a deep theorem of Ariki [1, Thm 14.49℄, this matrix is nothing but the (evaluation
at v = 1 of the) matrix of the anonial basis for the irreduible highest weight Uv(ŝle)-
module with weight Λd+Λ0 (where the Λi with i ∈ Z/eZ denote the fundamental weights).
Applying [6℄ to type Bn leads the following proposition.
Proposition 2.5. Let (W,S) be the Weyl group of type Bn. We assume that we have a
map φ : S = {t, s1, ..., sn} → Z satisfying (⋆). We set |φ| : S = {t, s1, ..., sn} → Z suh
that |φ|(s) = |φ(s)| for all s ∈ S. Then, for all speialization θ, we have
B(φ) =
{
(λ0, λ1)ε | (λ0, λ1) ∈ B(|φ|)
}
where
(1) (λ0, λ1)ε = (λ1, λ0) if S+ = {s1, ..., sn−1} and S− = {t},
(2) (λ0, λ1)ε = (λ1
′
, λ0
′
) if S+ = ∅ and S− = {s1, ..., sn−1, t},
(3) (λ0, λ1)ε = (λ0
′
, λ1
′
) if S+ = {t} and S− = {s1, ..., sn−1},
From now, we will denote κ(λ0, λ1) := (λ1, λ0).
2.3. Construtible representations. From the above denitions and the results in [3℄,
it will be easy to extend known results of onstrutible representations as dened by
Lusztig [33, 22.1℄. Let (W,S) be a Weyl group and let φ be a map φ : S → Z satisfying
(⋆). Let I ⊂ S and let (WI , I) be the orresponding paraboli subgroup. Let φI be the
restrition of φ to I. Eah simple C[W ]-module Eλ an be seen as a speialization of
a simple H(W,S, φ)-module V λφ . By 2.2, eah simple C[W ]-module U omes equipped
with an assoiated invariant aφ(U) depending on the hoie of φ. Let U be a simple
C[WI ]-module. Then we an uniquely write:
Ind
S
I (U) = U(0) ⊕ U(1) ⊕ ....
where for any integer i
U(i) =
⊕
V
[IndSI (U) : V ]V (sum over all V ∈ Irr(C[W ]) suh that a
φ(V ) = i).
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Then the J-indution of a simple C[WI ]-module U is
J
S
I (U) = U(aφI (U))
Using this trunated" indution, the onstrutible representations with respet to φ are
dened indutively in the following way:
(1) If W = {1}, only the trivial module is onstrutible.
(2) If W 6= {1}, the set of onstrutible C[W ]-modules onsists of the C[W ]-modules
of the form
J
S
I (V ) or sgn⊗ J
S
I (V ),
where sgn is the sign representation of W , and I some proper subset of S.
One an dene an analogue of the deomposition matrix for this type of representations:
the onstrutible matrix Dφ
ons
whih is dened as follows.
• The rows are labelled by Λ,
• the oeients in a xed olumn give the expansion of the orresponding on-
strutible representation in terms of the irreduible ones.
Proposition 2.6. Let φ : S → Z be a map satisfying (⋆). Keeping the above notations⊕
λ∈Λ αλV
λ
φ is a onstrutible C[W ]-module with respet to φ if and only if
⊕
λ∈Λ αλV
λε
|φ|
is a onstrutible C[W ]-module with respet to |φ|
Proof. The result follows diretly from Prop. 2.2 and the denition of the onstrutible
representation. 
Remark 2.7. If φ is positive, the bloks of the matrix Dφ
ons
are known as the families of
haraters. This notion plays an important role in the theory of redutive group. In fat,
it is possible to generalize the denition of families of haraters to any map φ (ie. not
neessary positive) and to a wider lass of algebras : the ylotomi Heke algebras, using
the notion of Rouquier bloks. The assoiated families have been studied by Chlouveraki
[5℄. When W is a Weyl group, one an easily see that for any map φ, the bloks of the
matrix Dφ
ons
orresponds to the families of haraters as given in [5℄.
3. Bijetions of basi sets
We now fous on the ase of the Heke algebras of type Bn. Before the study of the
representation theory, we rst give the formula for the Lusztig a-funtion in the ase
where φ(t) = b ≥ 0 and φ(si) = a ≥ 0 for i = 1, ..., n− 1.
3.1. a-funtion in type Bn. We rst introdue a ombinatorial objet whih will be
useful in the following: the shifted symbol of a bipartition. Let β = (β1, ..., βk) be a
sequene of stritly inreasing integers and let s be a rational nonnegative number. We
denote by [s] the integer part of s. We set
β(s) := (s− [s], s− [s] + 1, ..., s− 1, β1 + s, ..., βk + s).
Let r ∈ Q and let λ = (λ0, λ1) be a bipartition of rank n. Let h0 and h1 be the heights
of the partitions λ0 and λ1 and let h be a positive integer suh that h ≥ max(h0, h1) + 1.
We say that h is an admissible size for λ. We dene two sequenes of stritly dereasing
integers
β0 = (λ0h − h+ h, ..., λ
0
j − j + h, ..., λ
0
1 − 1 + h)
and
β1 = (λ1h − h+ h, ..., λ
1
j − j + h, ..., λ
1
1 − 1 + h)
The shifted r-symbol of λ of size h is then the family of sequene
Br(λ) := (B
0, B1)
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suh that
B0 =
{
β0(r) if r ≥ 0
β1(−r) otherwise.
and B1 =
{
β0 if r ≤ 0
β1 otherwise.
The shifted symbol of size h is usually written as a two row tableaux as follows:
Br(λ) :=
(
B0
B1
)
Note that Br(λ) = B−r(κ(λ)).
Example 3.1. Let r = 1/2 and λ = (2.1, 3.3.2). We have h0 = 2 and h1 = 3. Then the
assoiated shifted r-symbol of size 4 is(
1/2 3/2 7/2 11/2
0 3 5 6
)
Let r = −5/2 and λ = (2.1, 3.3.2). We have h0 = 2 and h1 = 3 then the assoiated
shifted r-symbol of size 4 is(
1/2 3/2 1/2 7/2 11/2 13/2
0 1 3 5
)
Assume now that φ(t) = b ≥ 0 and φ(si) = a > 0 for i = 1, ..., n− 1. Let λ ∈ Λ and
let Bb/a(λ) be the shifted b/a symbol of λ of size h. Let
γ1 ≥ γ2 ≥ .... ≥ γt,
be the elements of this symbol written in dereasing order (with repetition). Then write
aφ,h1 (λ) =
t∑
i=1
(i− 1)γi.
Then by Lusztig [33, 22.14℄, we have:
aφ(λ) = aφ,h1 (λ)− a
φ,h
1 (∅).
Regarding the above denition and the onnetion between Lusztig a-funtion when b < 0
and b > 0 given by Prop. 2.2, we dedue:
Proposition 3.2. Assume that φ(t) = b and φ(si) = a ≥ 0 for i = 1, ..., n−1. Let λ ∈ Λ
and let Bb/a(λ) = (B
0, B1) be the shifted b/a-symbol of λ. Let
γ1 ≥ γ2 ≥ .... ≥ γt
be the elements of this symbol written in dereasing order (with repetition). We denote
γhb/a(λ) = (γ1, ..., γt) the assoiated partition. We then write
aφ1 (λ) =
t∑
i=1
(i− 1)γi
Then we have:
ab/a(λ) := aφ(λ) = aφ,h1 (λ)− a
φ,h
1 (∅)
It does not depend on the size of the symbol.
Proof. When b ≥ 0, this is a result of Lusztig. Assume that b < 0, then we have by Prop.
2.2,
ab/a(λ) := a−b/a(κ(λ))
and Bb/a(λ) = B−b/a(κ(λ)) so the result follows 
The following result is a diret onsequene of the formula of the a-funtion.
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Corollary 3.3. Assume that φ(t) = b and φ(si) = a ≥ 0 for i = 1, ..., n− 1. Let λ ∈ Λ
and µ ∈ Λ. Let h be an admissible size for λ and µ. Assume that γhb/a(λ)⊲ γ
h
b/a(µ) then
we have ab/a(λ) < ab/a(µ).
3.2. Construtible representations in type Bn. Let V and v be indeterminates and
onsider the Heke algebraH({V, v}) of type Bn over Z[V ±1/2, v±1/2] as in 2.2. We have
Irr(HK({V, v})) = {V
λ | λ ∈ Π2n}.
We assume that we have a speialization θ : Z[V ±1/2, v±1/2] → Q(q
1
2 ) where q is an
indeterminate suh that θ(V ) = −qda and θ(v) = qa for (a, b) ∈ N2. For d ∈ Z. Then we
have an assoiated deomposition matrix.
Dθ = ([V
λ : M ])λ∈Π2n,M∈Irr(HQ(q1/2)(q
a,−qda))
By Ariki's theorem, this deomposition matrix is the matrix of the anonial basis of
the irreduible highest weight Uv(sl∞)-module with weight Λd + Λ0. Assume that d ≥ 0
then by [30℄ it has another interpretation in terms of Kazhdan-Lusztig theory: this is
the matrix Dφ
ons
of the onstrutible representations for the algebra H(W,S, φ) where
φ(t) = d and φ(si) = 1 for all i = 1, ..., n − 1. Thus, we have Dφ
ons
= Dθ. In other
words, the olumns of this deomposition matrix give the expansion of the onstrutible
representations assoiated to the map φ in terms of the simple H(W,S, φ)-modules V µφ .
It is natural to ask if a basi set as dened in Def. 2.1 an be found in this situation
that is if one an order the rows and olumns of the onstrutible matrix suh that it has
a unitriangular shape. The expliit determination of the matrix Dθ has been given by
Lusztig and by Leler-Miyahi using dierent tehnis when d ≥ 0. We here follows the
latter exposition [30℄ and extend it to the ase d ∈ Z.
Hene we assume from now that φ is suh that φ(t) = d ∈ Z and φ(si) = 1 for all
i = 1, ..., n − 1. First, we need some additional ombinatorial denition. Let λ be a
bipartition and onsider its d-symbol Bd(λ) = (B
0, B1). We say that λ is standard, or
equivalently that Bd(λ) is standard if
B1i ≥ B
0
i for all i ≥ 1.
The set of standard bipartitions is denoted by Std(d).
Let Bd(λ) be a standard symbol. We dene an injetion Ψ : B
1 → B0 suh that
Ψ(j) ≤ j for all j ∈ B1. It is obtained by desribing the subsets
B1l := {j ∈ B
1 | Ψ(j) = j − l}.
We set B10 = B
1 ∩B0 and for l ≥ 1, we put:
B1l = {j ∈ B
1 \ {B10 , ..., B
1
l−1} | j − l ∈ B
0 \Ψ(B10 ∪ ... ∪B
1
l−1)}
the pairs (j,Ψ(j)) with Ψ(j) 6= j are alled the pairs of the symbols Bd(λ). Let C(λ)
be the set of all bipartitions µ suh that the symbol of µ is obtained from Bd(λ) by
permuting some pairs in Bd(λ) and reordering the rows. We also dene Invd(λ) to be
the bipartition in C(λ) whose symbols is obtained from the symbol of λ after all possible
permutations of the pairs.
The following is a result by Lusztig and Leler-Miyahi when d ≥ 0 whih is easily
extend in the ase where d ∈ Z by Prop. 2.6 and by the denition of symbols.
Proposition 3.4. Assume that φ is suh that φ(t) = d ∈ Z and φ(si) = 1 for all
i = 1, ..., n − 1. The onstrutible representations with respet to φ are labelled by the
standard bipartitions. Moreover, if λ is a standard bipartition, the assoiated onstrutible
representation with respet to φ is ⊕
µ∈C(λ)
V µφ .
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Example 3.5. We onsider the Weyl group of type B3. Let φ be suh that φ(t) = 2 ∈ Z
and φ(si) = 1 for all i = 1, 2. From above, one an hek that the only non trivial
onstrutible representations are:
V
(∅,3)
φ ⊕ V
(1,2)
φ , V
(1,2)
φ ⊕ V
(1.1,1)
φ , V
(1.1,1)
φ ⊕ V
(1.1.1,∅)
φ
In other words, we have:
Dφ
ons
=


1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0


(∅, 3)
(∅, 2.1)
(∅, 1.1.1)
(1, 2)
(1, 1.1)
(2, 1)
(1.1, 1)
(3, ∅)
(2.1, ∅)
(1.1.1, ∅)
Note that the onstrutible representations are labelled by the set of standard bipartitions
whih is in this ase Π23 \ {(1.1.1, ∅)}. Note also that the unique non trivial blok of the
above matrix is given by the following set of bipartitions
{(∅, 3), (1, 2), (1.1, 2), (1.1.1, ∅)}
whih orresponds to the unique non trivial family of haraters.
Now, if we set φ′ be suh that φ′(t) = −2 ∈ Z and φ′(si) = 1 for all i = 1, 2. From
above, one an hek that the only non trivial onstrutible representations are:
V
(3,∅)
φ′ ⊕ V
(2,1)
φ′ , V
(2,1)
φ′ ⊕ V
(1,1.1)
φ′ , V
(1,1.1)
φ′ ⊕ V
(∅,1.1.1)
φ′
The unique non trivial blok of the above matrix is given by the following set of biparti-
tions
{(3, ∅), (2, 1), (1, 1.1), (∅, 1.1.1)}
whih orresponds to the unique non trivial family of haraters.
3.3. Basi sets of onstrutible representations. The aim of this setion is to show
the existene of basi sets for the matrix aording the onstrutible representations. To
do this, we have to study the matrix Dφ
ons
of the onstrutible representations for the
algebra H(W,S, φ) where φ(t) = d ∈ Z and φ(si) = 1 for all i = 1, ..., n− 1. We denote
by Cons(d) the set of onstrutible H(W,S, φ)-modules. The main result of this setion
is the following one.
Theorem 3.6. We keep the above notations and we put r ∈ Q suh that r 6= d.
(1) For all U ∈ Cons(d) there exists λU ∈ Λ suh that
[V λU , U ] = 1 and ar(µ) > ar(λU ) if [V
µ, U ] 6= 0
(2) Let
Br∞ := {λU | U ∈ Cons(d)}
Then the map
Cons(d) → Br∞
U 7→ λU
is a bijetion
(3) We have
Br∞ =
{
Std(d) if r < d
Invd(Std(d)) if r > d
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Proof. Let us rst assume that d ≥ 0. Let λ be a standard bipartition then by Prop 3.4,
we have an assoiated onstrutible representation labelled by this bipartition. Assume
that V µφ appears as an irreduible onstituent in the expansion of this onstrutible rep-
resentation. Then µ an be onstruted from λ by permuting some pairs in the shifted
d-symbol of λ. Let h be an admissible size for λ. By onstrution, it implies that this
size is admissible for µ. Let Bd(µ) = (B
0, B1) be the shifted d-symbol of µ of size h. By
3.1, we have B0 = β0(d) and a = β1.
• If r > d the shifted r-symbol of µ is Br(µ) = (B
0(r − d), B1). By the denition
of C(λ), It is easy to see that
γhr (Invd(λ))D γ
h
r (µ),
for all µ ∈ C(λ). Hene by Cor 3.3, we obtain:
ar(Invd(λ)) ≤ a
r(µ)
• if r < d, the shifted r-symbol of µ of size h is Br(µ) = (B0(d − r), B1) if r is
positive. In this ase, by the denition of C(λ) It is easy to see that
γhr (λ)D γ
h
r (µ),
for all µ ∈ C(λ) suh that µ 6= λ . Hene we obtain:
ar(λ) ≤ ar(µ).
If r is negative, the shifted r-symbol of µ of size h+d is Br(µ) = (B
1(d−r), B0).
In this ase, by the denition of C(λ) It is easy to see that
γh+dr (λ)⊲ γ
h+d
r (µ),
and we an onlude as above.
To summarize, We know that an arbitrary olumn of the onstrutible matrix Dθ is
naturally labelled by a standard bipartition λU with U ∈ Cons(d). The above disussion
shows that the minimal bipartition λ with respet to ar suh that [V λ : M ] 6= 0 is
λ = λU if r < d, λ = Invd(λU ) otherwise. In addition by Prop 3.4, if [V
λ : U ] 6= 0 then
[V λ : U ] = 1. This proves the Theorem if d > 0.
The ase d < 0 is dedued from the above one using Prop. 2.2 and the fats that
κ(Std(d)) = Std(−d), κ(Invd(Std(d))) = Inv−d(Std(−d))

In the expansion of a onstrutible harater, all the simple modules have the same
value with respet ad. This follows from the denition of onstrutible representations
and an also be easily seen in the formula above. Theorem 3.6 shows that modifying
the a-funtion by adding an integer s to d leads to a natural way to order the rows and
olumns of the onstrutible matrix so that it is unitriangular. This indues the existene
of a anonial basi set whih only depends on the sign of s.
Let us now desribe the onsequenes on the parametrisations of the simple modules
for Heke algebras of type Bn in the modular ase.
4. Basi sets in type Bn
4.1. Expliit determination in a speial ase. Reall that A := Z[q1/2, q−1/2]. Let
φ suh that φ(t) = b ≥ 0 and φ(si) = a > 0 for i = 1, ..., n− 1, Let
θ : A→ Q(q
1/2
0 )
be a speialization suh that θ(q) = q0 ∈ C∗. Let e ≥ 2 be the multipliative order of
ηe := q
a
0 . Assume that q
b
0 = −q
ad
0 for some d ∈ Z. We have an assoiated deomposition
matrixDθ and a anonial basi set B(φ) whih will, from now, be rather denoted by B
b/a
e .
Consider now φ1 suh that φ1(t) = b + ae and φ1(si) = a for i = 1, ..., n − 1. Applying
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the speialization θ, we obtain again the algebra Hk(qa0 ,−q
da
0 ). Hene we have another
basi set denoted by B
b/a+e
e whih has the same ardinality as B
b/a
e but is omputed with
respet to the a-funtion ab/a+e. Continuing in this way we obtain several basi sets
Bb/a,Bb/a+ee , ...,B
b/a+te
e , ...
and one an assume that 0 ≤ b/a < e.
These basi sets have been omputed in [18℄ without the assumptions of P1-P15 in
harateristi 0. It has been shown that the bipartitions labelling these sets are given
by the so alled Uglov bipartitions. These bipartitions appear as natural labelling of the
Kashiwara's rystal basis for irreduible highest weight-modules of level two. As several
ombinatorial denitions are neessary to introdue them, we have hosen to omit the
denition of these bipartitions here. We refer to [19℄ or [28℄ for details on them.
Theorem 4.1 (Gek-Jaon). We keep the above notations. Let e ≥ 2 be the multipliative
order of qa and let p0 ∈ Z be suh that
d+ p0e <
b
a
< d+ (p0 + 1)e.
(Note that the above onditions imply that b/a 6≡ d mod e.) Then for all t ≥ 0, we have
Bb/a+tee = Φ
(d+(p0+t)e,0)
e,n
where Φ
(d+(p0+t)e,0)
e,n is dened in [18, Def. 4.4℄.
Without loss of generality, one an (and do) assume that p0 = 0. By the results in the
seond setion, the datum of φ′ suh that φ′(t) = ε1b and φ
′(si) = ε2a (for i = 1, ..., n−1)
with (ε1, ε2) ∈ {±1}2 also yields the existene of a basi set B(φ′). By Prop. 2.5, they an
be easily omputed using the above theorem. In partiular, the ase ε2 = 1 and ε1 = −1
implies the existene of a basi set B−b/a. In fat, onsidering all the basi sets we have
already obtained:
Bb/a,Bb/a+ee , ...,B
b/a+te
e , ...
we obtain several other basi sets
B−b/a,B−b/a−ee , ...,B
−b/a−te
e , ...
Now reall the speialization
θ : A→ Q(q
1/2
0 )
suh that θ(q) = q0. Looking at the Heke algebraH({q−b, qa}) and applying the speisal-
ization θ, we obtain a deomposition matrix whih an be identify with Dθ by [6, 3.1℄
. Keeping the above notations, we have: q−b+ae0 = −q
−ad
0 . Note that −b + ae and a are
both positives. We then obtain a basi set B−b/a+e. Atually, using the same arguments
as above, one obtain several basi sets:
B−b/a+e,B−b/a+2ee , ...,B
−b/a+te
e , ...
Keeping the notation of thm 4.1 (reall that p0 = 0), note that we have
−d < −
b
a
+ e < −d+ e.
The above theorem gives also the expliit determination of these basi sets:
Corollary 4.2. Keeping the above notations, for all t > 0, we have
B−b/a+tee = Φ
(−d+(t−1)e,0)
e,n
where Φ
(−d+(t−1)e,0)
e,n is dened in [18, Def. 4.4℄.
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Finally, as above, the existene of basi sets
B−b/a+e,B−b/a+2ee , ...,B
−b/a+te
e , ...
yields the existene of basi sets:
Bb/a−e,Bb/a−2ee , ...,B
b/a−te
e , ...
by Prop 3.6.
4.2. An Ation of the ane Weyl group Ŝ2. Let us summarize the dierent basi
sets we have obtained and the parametrizations by the Uglov l-partitions. The results in
[28℄ allow to hange the parametrization of the sets. First by [28, Prop. 3.1 (2)℄ For all
(s0, s1) ∈ Z2, we have
κ(Φ(s0,s1)e,n ) = Φ
(s1,s0+e)
e,n
Moreover, by [28, Prop 3.1 (1)℄, for all m ∈ Z, we have:
Φ(s0,s1)e,n = Φ
(s0+m,s1+m)
e,n
To summarize, the following tabular gives the basi sets and the parametrizations by the
Uglov bipartitions.
Basi set with Assoiated set Basi set with Assoiated set
positive parameters of bipartitions negative parameters of bipartitions
... ... ... ...
B
−b/a+te
e Φ
(0,d−(t−1)e)
e,n B
b/a−te
e Φ
(d−te,0)
e,n
... ... ... ...
B
−b/a+2e
e Φ
(0,d−e)
e,n B
b/a−2e
e Φ
(d−2e,0)
e,n
B
−b/a+e
e Φ
(0,d)
e,n B
b/a−e
e Φ
(d−e,0)
e,n
B
b/a
e Φ
(d,0)
e,n B
−b/a
e Φ
(0,d+e)
e,n
B
b/a+e
e Φ
(d+e,0)
e,n B
−b/a−e
e Φ
(0,d+2e)
e,n
B
b/a+2e
e Φ
(d+2e,0)
e,n B
−b/a−2e
e Φ
(0,d+3e)
e,n
... ... ... ...
B
b/a+te
e Φ
(d+te,0)
e,n B
−b/a−te
e Φ
(0,d+(t+1)e)
e,n
... ... ... ...
Following [29℄, we set
F = {±b/a+ te | t ∈ Z}
Let Ŝ2 be the extended ane symmetri group with generators σ and y0, y1 and relations
y0y1 = y1y0, σ
2 = 1, y0 = σy1σ.
One an dene an ation of Ŝ2 on F determined by the following identities. For all
t ∈ Z, we set:
σ.(b/a+ te) = −b/a− te, y0.(b/a+ te) = b/a+ (t+ 1)e,
y0.(−b/a+ te) = −b/a+ (t+ 1)e
One an easily hek that this ation is well dened. The above diussion yields the
existene of an ation on the basi sets by setting for all w ∈ Ŝ2 and γ ∈ F :
w.Bγe = B
w.γ
e
By Prop 3.6, we have:
σ.Bγe = κ(B
γ
e )
=
{
(λ0, λ1) | (λ1, λ0) ∈ Bγe
}
Hene, to desribe the ation of Ŝ2 on F , it sues to understand the ation of y0
on an arbitrary basi set. By the results in [28℄ (see also the generalizations in [29℄)
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together with Thm 4.1, the ation of y0 orresponds to a rystal isomorphism. Using the
ombinatorial study of this isomorphism in this paper, It an be expressed using the map
InvD dened in the previous setion. This is given by the following theorem whih uses
the ombinatoris developed in [28℄.
Theorem 4.3. Assume that γ ∈ F . Then there exists D ∈ Z suh that:
Bγe = Φ
(D−e,0)
e,n
To desribe the ation of y0, one an assume that D ≥ 0, then we have
y0.B
γ
e = InvD(B
γ
e )
Proof. Let γ ∈ F . By Thm 4.1, there exists D ∈ Z suh that Bγe = Φ
(D−e,0)
e,n . Sine we
know that σ.Bδe = κ(B
δ
e) for all δ ∈ F , one an assume that D ≥ 0.
Let (λ0, λ1) ∈ Bγe = Φ
(D−e,0)
e,n . Then by [28, Prop. 3.1℄, we have (λ1, λ0) ∈ Φ
(0,D)
e,n .
Using [28, Prop. 4.1℄, we dedue that (λ0, λ1) ∈ Std(D). Again, by [28, Prop. 4.1℄,
we have κ(InvD(λ
0, λ1)) ∈ Φ
(0,D+e)
e,n whih implies that InvD(λ
0, λ1) ∈ Φ
(D,0)
e,n . The map
sending (λ0, λ1) ∈ Φ
(D−e,0)
e,n to InvD(λ
0, λ1) ∈ Φ
(D,0)
e,n is a bijetion. 
Hene, remarkably, this ation does not depend on e but only on D ! This will be
developed in the following setion.
Remark 4.4. Assume that b/a = −b/a+ e then 2b = ae and we have q2b0 = 1. Then we
have two ases to onsider
• if qb0 = 1 then q
ad
0 = −1 implies that e is even and d = e/2 whih is impossible
beause then qb0 = q
ae/2
0 = −q
ae/2
0 .
• if qb0 = −1 then q
ad
0 = 1 implies d = e and d = 0.
In this ase, note that Φ
(d,0)
e,n = Φ
(0,d)
e,n and then B
b/a
e = B
−b/a+e
e . Hene the above result
is oherent with this ase.
4.3. Fatorization of the deomposition map. The aim of this setion is to give an
interpretation of Prop. 4.3 in terms of onstrutible representations. We here keep the
notations of this proposition.
Let H(W,S, {Q, qa}) be the generi Heke algebra with parameters Q and qa (where
Q and q are indeterminates). We onsider a rst speialization:
θq : Z[Q
±1/2, q±1/2]→ Q(q
1
2 )
We obtain a well dened deomposition map:
dθq : R(HQ(Q1/2,q1/2)(W,S, {Q, q
a}))→ R(HQ(q1/2)(W,S, {−q
D.a, qa}))
and an assoiated deomposition matrix Dθq . We also have a speialization
θ : A→ k
We obtain a well dened deomposition map:
dθ : R(HQ(q1/2)(W,S, {−q
D.a, qa}))→ R(H
Q(q
1/2
0 )
(W,S, {−qD.a0 , q
a
0}))
and an assoiated deomposition matrix Dθ. On the other hand, one an also dene a
speialization
θ1 : Z[Q
±1/2, q±1/2]→ Q(q
1/2
0 )
We obtain a well dened deomposition map:
dθ1 : R(HQ±1/2,q±1/2(W,S, {Q, q
a}))→ R(H
Q(q
1/2
0 )
(W,S, {−qD.a0 , q
a
0}))
and an assoiated deomposition matrix Dθ1 .
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Theorem 4.5 (Gek [10℄, [14℄ Gek-Rouquier [22℄). The following diagram is ommuta-
tive
R(HQ(q1/2,Q1/2)(W,S, {Q, q
a}))
dθ1
//
dθq
))T
TT
TT
TT
TT
TT
TT
TT
TT
TT
R(H
Q(q
1/2
0 )
(W,S, {−qDa0 , q
a
0}))
R(HQ(q1/2)(W,S, {−q
Da, qa}))
dθ
55jjjjjjjjjjjjjjjjjj
In other words, we have:
Dθ1 = DθqDθ
The following gives a rst onsequene of this result whih an be also easily heked
using the results of the previous setions and the properties of Uglov biartitions.
Corollary 4.6. We have:
Bγe ⊂ B
γ
∞.
Proof. This follows diretly from the above theorem.

Proposition 4.3 and the above result show that the bijetion between y0.Bγe and B
γ
e is
ontrolled" by the matrix of the onstrutible representations through the above fator-
ization in the following sense.
Note that γ < D < γ + e. We have a bijetion
Ψ : Bγ∞ → B
γ+e
∞
whih is naturally dened usingDθq . Consider a onstrutible harater and the expansion
of it in the standard basis. This is given by a olumn of Dθq . Let λ be the element
appearing in this olumn with non zero oeient and with minimal value with respet
to aγ . Then λ ∈ Bγ∞. Let µ be the element appearing in this olumn with non zero
oeient and with minimal value with respet to aγ+e. Then µ ∈ Bγ+e∞ . We then set
Ψ(λ) = µ. Combining this with the above result we get
Ψ(Bγe ) = B
γ+e
e .
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